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ABSTRACT

For z € R" and p > 1 put |jzfl, := (=13 |x,|P) /. An ortho-
gonal direct sum decomposition R?* = E & EX where dim E = & and
supgzrepurt ll2llz /x|l £ C is called here a (k, C)-splitting. By a
theorem of Kasin there exists C' > 0 such that (k, C')-splittings exist for
all k£, and by the volume ratio method of Szarek one can take (" = 32em.
All proofs of existence of (k,(C)-splittings heretofore given are noncon-
structive.

Here we investigate the representation of (k, C')-splittings by matrices
with integral entries. For every C > 8¢1/27x=1/2 and positive integer
k we specify a positive integer N(k, ') such that in the set of k by 2k
matrices with integral entries of absolute value not exceeding N(k,C)
there exists a matrix with row span a summand in a (k, C')-splitting. We
have N(k,C) < 218 for k large enough depending on C. We explain
in detail how to test a matrix for the property of representing a (k,C')-
splitting. Taken together our results vield an explicit (if impractical)
construction of (k, C')-splittings.

1. Introduction

For p > 1 and 2 € R* put

flxll, -

¢ Z lxitp)l/p,

I2lly < Vrllzll, -

noting that
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140 G. W. ANDERSON Isr. J. Math.
For any nonzero subspace E C R* put

llzll,
Jp = —
E 0#£1€E ||T||1

In [Kasin] it was proved that

K :=sup inf max(JEF, J&) < 0o
k=1 ECR2k
dim E=4
where E+ denotes the orthogonal complement of E with respect to the standard
inner product in R2*. See [Pisier, Chap. 6] for a proof by the volume ratio method
of [Szarek] that

K < 32er = 273.2714951 . ..

and for many references related to Kasin's result. In this paper we prove that
K < 8e'/2r1/2 — 7441530936 . ..

as a byproduct of our investigation. We shall call any orthogonal direct sum
decomposition of the form

R* = E@ EY dimE = k,max(J3, J&) < C

a (k, C)-splitting.

Suppose now that E is a k-dimensional subspace of R?* chosen randomly with
respect to the unique O(2k)-invariant probability measure on the Grassmannian.
What actually is proved in [Pisier] is the probabilistic assertion that

P[JEF > 32em] < 27F.
Since the map E — E*1 is measure-preserving, one obtains the lower bound

E is a summand in -
Pl (k. 32em)splitting | > 122
as an immediate corollary. This and all other proofs of existence of (k,C)-
splittings heretofore given are rather vexingly nonconstructive; cf. [Pisier, Chap.
6, p. 95, Remark].

In this paper we study the problem of representing (k, C')-splittings by matrices
with integral entries. Our main result (Theorem 7.2 below) is roughly as follows.
For every positive integer k and number C' > 8¢!/277 /2 we specify a positive
integer N(k,C) such that in the set of k by 2k matrices with integral entries
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of absolute value not exceeding N(k, C') there exists a matrix with row span a
summand in a (k, C)-splitting. Our bound N(k,C) grows moderately: we have
N{k,C) < 2'8* for k large enough depending on C. Explicit formulas for J2¥ and
]ﬁf‘l in terms of the maximal minors of any &k by 2k matrix with row span E play
an important role in our method; see §2 for these formulas. Since it is possible to
decide in a mechanical way whether or not a given k by 2k matrix defines a (k, C)-
splitting, our results together yield an explicit (if quite impractical) construction
of (k, C)-splittings.

Of course the construction of (k, C')-splittings presented here is far from being
the most elegant one imaginable. The situation in which we find ourselves at
present is analogous to that in the early stages of the theory of expanding graphs:
we have only probabilistic existence proofs and no methods of construction save
woefully impractical exhaustive searches. But the theory of expanding graphs
has in recent times been revolutionized by explicit constructions based on deep
results in number theory, algebraic geometry and representation theory. See
[Lubotzky] for an account of these developments. By analogy it is conceivable
that an aesthetically satisfying explicit construction of (k,C)-splittings could
emerge from number theory and allied branches of mathematics. We wrote this
paper in order to stimulate interest in the search for such a construction.

2. Explicit calculation of JZ and JZ,

2.1. LINEAR AND QUADRATIC PROGRAMMING. Let V' be a real vector space of
finite dimension equipped with a positive definite inner product (-,-). Fix b € V/
and a real constant ¢. Put

d(v) := (v, v) + (b, v) + ¢

for all v € V, thereby defining a quadratic function ¢ on V' satistying the Max-
imum Principle. Let Ay, ..., Ay, Apt1,.... Appq be affine functionals on V' and
put

P pt+q
A= (Q{A,- > 0}> n <i=(p11{)\i = 0}) cV.

Assume that the closed convex set A is nonempty and bounded. Necessarily
there exists a point vy € A such that

¢(vo) = sup &(v).

vEA
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Put
I'={ie{l,....,p+q}: \i(v) = 0}.
We claim that:

The family {A; }ier spans the space of affine functionals on V' modulo
constants.

Suppose rather that this is not the case. Without loss of generality we may
assume that vg = 0. Moreover, after replacing V' by its positive-dimensional
subspace {);c;{A: = 0}, we may assume that I = . Then the origin is an
interior point of A at which ¢ attains its maximum. But this is a contradiction
because ¢ satisfies the Maximum Principle. The claim is proved.

2.2. CHARACTERIZATION OF JZF IN FINITE TERMS. Fix a positive integer k
and a subspace E C R?* of dimension k. For each vector

€= (€1,...,€) € {:1:1}2’c
put
e 1 2k 2%
A= qx € R*": %;eimi = l,rin=1{16ixi >05,.
For each subset
Ic{i,....2k}

put
Ej={z€E:x;=0foriel}

If ENA, # 0, then we have

> zl,= max = max |z
IEEurrl)Ae el I:‘é}%&‘;ﬁk} 2B NA, letlz
F1=k=1
Elznf]mlsﬂ

by straightforward application of the optimization principle enunciated in the
preceding paragraph. It follows that

.],2.3’“ = max max |]r||2
IC#{,l;’;;?lk} O#2€Ey HS{‘HI
dim Ej=1

because the union of the sets A, is the unit sphere {|[z]|;, = 1} C R?*.
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2.3. NOTATION FOR DETERMINANTS OF SQUARE SUBMATRICES. Let A be an
m by n matrix. Let

I={iy<--<itc{l,....m}, J={h<---<i}tC{l,....n}
be sets of the same cardinality v. We write

v
Ary:= det A; ..
1J afel 1018

This notation is going to be used on several occasions in the sequel.

LEMMA 2.4: Let A be a k by 2k matrix with real entries and of full rank.
Let E C R%* be the k-dimensional subspace spanned by the rows of A. Let
I c{1,...,2k} be a subset of cardinality k — 1.
(i) The following three conditions are equivalent:
o E; is one-dimensional.
e The columns of A with indices in I are linearly independent.
. A{I,...,k},IU{i} # 0 for some i € {1. cees 2k} \ 1.
(ii) Under the equivalent conditions above we have

0722)1(“31 ll=ll; - §1E Zie{l,.uﬂk}\l | Aq...., k}JU{i}l .
Proof: (i) Since A is of full rank, the equivalence of the three conditions is clear.
(ii) After permuting the columns of A suitably, we may assume without loss
of generality that I = {1,...,k — 1} and that the leftmost k by %k block of A
is nonsingular. After left-multiplying A by a suitably chosen invertible & by %
matrix, we may further assume that the leftmost & by & block of A is the k by &
identity matrix. Then the subspace Ey is spanned by the last row of A and we

have
o 0 fori=1,...,k—1,
M VA kb k-nugy for =k 2k,

whence the result. |

LEMMA 2.5: Let A, E and I be as in the preceding lemma. Let E{ = (E+);.
(i) The following three conditions are equivalent:
e E{ is one-dimensional.
e Some k among the columns of A with indices in {1,...,2k}\ I are linearly
independent.

¢ Al 2enaogp 70 forsome d € {1, 2kF\ T
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(ii) Under the equivalent conditions above we have

max = .
oreeEt lzlly 5 Cicqrawpv ALy 12k o]

.....

Proof: (i) Let ey,...,eq be the standard basis of R?*. View the e; as row
vectors. Since A is of full rank, each of the given three conditions is equivalent
to the linear independence of the family of vectors {rows of A} U {e;}ier.

(ii) After permuting the columus of A suitably we may assume without loss of
generality that I = {1,...,k — 1} and that the rightmost & by k block of 4 is
nonsingular. After left-multiplying A by a suitable k by & invertible matrix we
may assume that the rightmost & by & block of A is the k by k identity matrix.
Now decompose A into side by side k by & blocks, writing A = [X], 1], and put
B =[1,-XT]. Then E+ is the row span of B, E} is spanned by the last row of
B and we have

5 _ [0 fori=1,.... k-1,
BT £A kR 2k Tor i =k, 2K,

whence the result. |

2.6. DETERMINANTAL FORMULAS FOR Jg AND Jgi. Let A be a k by 2k
matrix with real entries and of full rank. Let E C R?* be the k-dimensional
subspace of R?* spanned by the rows of A. In order to abbreviate notation,
for each subset I C {1,....2k} put I* := {1,...,2k} \ I and if #I = k put

.....

% V77 ier [Arun?

— max
k1o e gr el Arogl

{1672 Apxyyp4) #0) 0

By Lemma 2.5 and the last formula of §2.2 we have

2% Vi Sier Ang
2 max ) 1 .
k+1 rcqoon g3 e [Angl

{iel: A,:{l};eo}#m

Thus it can be decided in a mechanical (if terribly laborious) way if E C R?! is
a summand in a (k, C)-splitting.

2.7. REMARK. In the rest of the paper we study the right sides of the formulas
above for various random matrices A with i.i.d. entries.
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3. Existence of (k,8¢'/2x—1/2)-splittings
3.1. VOLUME RATIOS. Let A, be Lebesgue measure on R*. We have

/ e~ an, (x) :/ An{llll, < ul/PYe~"du
n 0

and hence

(2 )5 e " /manr _ _ 2'™PT(1 4 1/p)"
IS un/re—udu I'(1 +n/p)

)‘n{”l"Hp <1} =

Recall Stirling’s formula:
T(t) = Vartt =271/ O/ (15 0,0 < 0(t) < 1).

Combining the formulas above we obtain an estimate

(An{llxllp <1} )vn DA+ 1/p)pt/rellr. (ﬁjel/ﬁn)l/“
Andllelly <13/ 7 T(1+1/2)212%1/2 2172

such that left and right sides tend to a common limit as n — oo. In particular,
we have a sharp inequality

Andllrfly S 1}y 1/2,1/2,.-1/2
Ga=n) <2

cf. [Pisier, Chap. 6, p. 89].

ProPOSITION 3.2: Let X be any R"-valued random variable with rotationally
invariant distribution. We have

P(IX]l, > 57" - 2"% 212 X ] < 7

for all 0 < B < 1. (Estimates of this sort are characteristic of the volume ratio
method of [Szarek].)

Proof: Let 0,_1 be the unique rotationally invariant probability measure on the
sphere {||z]|, = 1} C R*. In general, for any Banach norm ||-|| on R", we have

Al < 1}
"do,_ = n =,
/”xuz_l el o) = X, <1

cf. [Pisier, Chap. 6, p. 91]. In particular, we have

f el doa-n(2) < (2e/m)"2,
lzll,=1
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and hence by Markov’s inequality
-1 - _
ont{lzll7" > 87122 22y < gn

for all 0 < 8 < 1. From the latter the claimed inequality follows by, say,
conditioning on || X|,. |

PROPOSITION 3.3: For every positive integer k there exists a (k,8eY/2m—1/2)-
splitting. (This is a version of the main result of {Kasin] with an explicit
constant.)

Proof: Let A be a k by 2k matrix with i.i.d. Gaussian entries of mean 0 and
positive variance. For each subset I C {1,...,2k}, to abbreviate notation, put
I* :={1,...,2k}\ I and if #I = k put Ay := A(1,._x},1; see §2.3 for the latter
notation. Since the set of k by k real matrices with vanishing determinant is of
Lebesgue measure zero within the space of all such matrices, we have

P[A; # 0 for all subsets I C {1,...,2k} of cardinality k] =1,

and in particular A is certain to be of full rank. We have

1 _ 1 _
p[ ‘—Z]AI*U{i}P > 4.92e 2, 1/2'—Z|AI*U{1‘}]] < 4#
#I iel #I i€l

1 _ 1 _
P[ 77 D lAng? > 4- 2% 2712 oy > |A,\{i}|] <4 #
iel ici

for all I with #I = k + 1 by Proposition 3.2. Let E C R?* be the row span of A.
Then the subspace E is certainly of dimension k£ and we have

and

- 2k _ 1
Plmax(J#, J2 ) > 8el/27~1 < 2. (k A 1) 4= ¢ N
by the estimates immediately above, the explicit formulas of §2.6 for J,%:k and
Jifj, and Stirling’s formula. Therefore E has a positive probability of being a
summand in a (k,8e'/2rn~1/2)-splitting. [ |

3.4. ReEMARKS. (i) The subspace E figuring in the proof above is equi-
distributed with respect to the unique O(2k)-invariant probability measure on
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the Grassmannian. So our proof of Proposition 3.3 does not differ radically from
the proof of [Pisier, Chap. 6, Cor. 6.4].

(ii) Since the method of the proof of Proposition 3.3 works for matrices with
i.i.d. Gaussian entries of mean 0, it ought to work for matrices with i.i.d. entries
sufficiently close to being Gaussian. The rest of the paper is devoted to working
out this simple idea.

4. e-Gaussian random variables

4.1. DEFINITIONS. Fix ¢ > 0 and let Y be a real-valued random variable. We
say that Y is strictly e-Gaussian if on the same probability space as Y there
exists a Gaussian random variable X such that

E(X?) =E(Y?), E(X)=E(®Y), E(X-Y)?) < Var(X).

In this situation we call X an e-parametrix for Y. We say that a random
variable is e-Gaussian if it has the same distribution as some strictly e-Gaussian
random variable.

PROPOSITION 4.2: Every finite linear combination of independent e-Gaussian
random variables is again e-Gaussian.

Proof: The verification is routine. We omit the details. |

PROPOSITION 4.3: Fix a positive integer ¢ and a constant ¢ > (~'/%. Let Y be
a random variable giving the excess of heads over tails in { tosses of a fair coin.
Then Y is e-Gaussian.

Proof:  Let {W;};>0 be a Wiener process. For background on the Wiener process
see [Billingsley] or [Durrett]. Each random variable W; is Gaussian of mean 0

and variance ¢, and moreover increments are independent. Let
O=7<m <1<

be the sequence of stopping times defined inductively by the rule that 7, is the
first time after 7,_; that W} takes a value in the set of integers congruent to n
modulo 2. Then the increments

M1 —T70-T2 — T15. -
are 1.i.d. and so are the increments

Wi = Wi s Wy — Wiy, ..
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Moreover, one finds that

E(n)=1, B(r}) =2

5 POV, ===

and
E((I/Vn - VVTn)2) =E(r —nl) < V Var(r,) = V 2n/3

by standard martingale calculations. For example, the calculation of the second
moment of the stopping time 7, appears in the textbook literature as [Durrett,
Sec. 7.5, (5.9) Thm., p. 401]. The process W, is (so to speak) the image of
coin-flipping in Brownian motion under the Skorokhod embedding. Clearly we
may assume without loss of generality that ¥ = W,,. Put X := W,. The facts
recalled above concerning Brownian motion taken for granted, it is clear that Y
is strictly e-Gaussian with e-parametrix X. |

5. Expected values of certain statistics of normally distributed random
matrices

PROPOSITION 5.1: Let A be an n by n matrix with 1.i.d. Gaussian entries of
mean O and variance 1. Put

1/2
Ru,n = ( Z IA{I ..... V},I|2>

forv=1,...,n. (See §2.3 for the notation.) We have

/2 v s+n z+1)
s vs
E(RS,) =2 H N +1

More precisely, for R(s) > —(n — v + 1), the integral on the left converges
absolutely to the value specified on the right.

Proof:  We evaluate the integral by following [Weil, Chap. X]. Let G be the
n by n real general linear group. Let T C G be the subgroup consisting of
upper triangular matrices with positive diagonal entries. Let X' C G be an n
by n orthogonal group. The map (k,t) — kt identifies the topological space
underlying i x T with that of G. Let dx denote Lebesgue measure on the real
line. The formula

| ¢tardnta) = [ otoaetts =TT 1] dow

i=1j=1
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defines a Haar measure p on G. Note that p is invariant under both left and
right translation. For a uniquely determined Haar measure ¢ on K we also have

/¢(g )du(g /(/d)kt )do (k ) Ht“l H dti;,

1<i<j<n

cf. [Weil, Chap. X, §3, Lemma 7, p. 199]; this is checked by verifying that the
outside integral on the right over T is invariant under right translation. For g € G
and v=1,...,n put

1/2
rl/,n(g) = ( Z |gI.{1 ,,,, u}|2> :

The function r,, on G thus defined is left A-invariant and has further the

property that
14
roa(t) =[] tu
i=1

for all t € T. We have

e 'ryn(g)sexp(~12f L 251 93) (det g)"dpu(g)
B fGQXp Zz IZJ lgz_] detg)"du(g
:fT(Hizltii) exp(—3 Zl<i<j<n t2')‘Hz T Tlicicj<n
fTeXP(_lZ1<i<j<n - T ' Ticicicn @t
l lfo S+Tl l - /2(11' s us/Qﬁ F(S Tl2—i+1)
[Ty Jo7 xn—ie=*/2de r(n=ty -

=1

E(R; )

The method of calculation makes it clear that the integral converges absolutely
for R(s) > —(n —v+1). |

5.2. REMARK. In the sequel we are not going to need Proposition 5.1 at full
strength. Rather, we are only going to need the moment estimates

(et 1
ERTNYy =222 <op
( ].,'Il) 2 I—\(%) — n o2
and .
a1 I'(3) i n a1
B(RTY, V=27 2L < 9tebp S
( n—l.n) 3 F(%) < 2ezq

for n > 1 obtained from the proposition via Stirling’s formula.
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6. Estimates

LEMMA 6.1: Fix vectors x,y € R* and constants 3,8, > 0. If

ety > CEONE eyl < ol > 081l

then
llzlly > Bzl -
Proof: Recall that

1 n 1/p
fell, = (330 kP) el < el < VAl

i=1

Our first two hypotheses yield chains of inequalities

g
(1+ m) llly > llelly + A > lllly + lz =yl > llyll, .

0
Iyl =l = lle = wlly = llall, = A = (1= 5= ) llell -

These in combination with our last hypothesis imply that
8 -1 0
lelly > (14 555) A +8)8(1 = 77) el = Bl

as claimed. |

ProposITION 6.2: Let X and Y be R™-valued random variables defined on a
common probability space. Fix constants 3,0 > 0. We have

PIY[l, > 1 +6)8]Y|,]
<P[IX[l, > 811X]l,] + Men/E(IX|I; ) *E(IX - Y]5)'/*

where
2+ 0) 2/3
7 .

Proof: Fix a constant A > 0 arbitrarily. By the preceding lemma we have a

My i= (2% +272/%)

relation

Y1, > (1+6)3 Y]]
cliXl, > B U K], <« GO v, > o

among events. In turn we get an estimate

PlIYll, > 1+ 0)8IY L] <P[IX|l, > 8[IX[,]

2+ 0)\/n

+E(X); Y - EEOM L B - v
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by applying Markov’s inequality twice. Finally, we obtain the desired inequality
by freshman calculus. 1

6.3. REMARK. The exact value of constant My is going to be of no concern to
us. The important thing is simply that Mpy is independent of both 5 and n.

PROPOSITION 6.4: LetY be an R"-valued random variable with entries that are
i.i.d. e-Gaussian of mean 0. Assume that n > 1. Fix a constant 6 > 0. Then we
have

P|Yl, > (1+86)-4-2Y2e2p= Y2 Y||,] < 47" 4 2Mpn!/3¢%/3
where My is the constant figuring in Proposition 6.2.

Proof: Let Y be a strictly e-Gaussian random variable of mean 0 and variance 1
with e-parametrix X. We may assume without loss of generality that the random
vector Y = (¥7,...,Y},) arises from an i.i.d. family {(X;, ¥;)}7-; of copies of the
random vector (X,Y). Put X := (Xy,..., X,). By Propositions 3.2 and 6.2 we

have
P[IY], > (146)-4-2"2 22712 | Y]|]

<47+ Mon'PE(|X ;) B(IX - Y5)1°.
By Proposition 5.1 and the remark following we have
E(|X|; ") = VaE(X - X)7V/?) = VaB(R;,) < 2
Clearly we have
E(X-Y|3)=n""E(X-Y) (X-Y)) <.

The three inequalities above together imply the desired estimate. ]

LEMMA 6.5: Let Y be a strictly e-Gaussian random variable of mean 0 and
variance 1 with e-parametrix X. Let {(X;;.Y;;)}7 ;-1 be an i.i.d. family of copies
of the random vector (.{X,Y"). Then we have

n n 2 2 9
E(( det X;; - det ¥;) ) < 2.
ihj=1 1,j=1

Proof: Put
Yi; if j <k
Zi(j” ={ X;;-Y, ifj=k
AYij lf] >k
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for i,j,k = 1,...,n. Since the entries of Z*) are independent we have

m L0\ o T (k)

C 2 2
E((i%eztlzij ) ) s HE<Z(Z1'J' ) ) Sen’
=1 i=1

But we also have

Adet ‘Yij — det };J = det Zl \

ij=1 ij=1 — ig=1 Y

and hence

i,j=

n n 2y 1/2
E(( det Xy — det ¥;) ) <neen™? W
=

PROPOSITION 6.6: Fix a constant § > 0 and an integern > 1. Let B beann—1
by n matrix with i.i.d. e-Gaussian entries of mean 0 and put

Y := (Bii.on-1}{Leen ]\ {1} - - 2 B{L, =13, {1,..n}\ {n})

thereby defining an R™-valued random variable. (See §2.3 for the notation.) We
have

PY|l, > (146)-4-22Y 2772 ||Y||,] < 47" + 2" Mgn/32/3
where My is the constant figuring in Proposition 6.2.

Proof: Let Y be a strictly e-Gaussian random variable of mean zero and variance
1 with e-parametrix X. Let {{(X;;, Yi;)}'o! 71 be an i.i.d. family of copies of
the random vector (X.Y"). We may assume without loss of generality Y;; is the
entry of B in row i and column j. Let A be the n — 1 by n matrix with entry
X;; in row 4 and column j and put
X = (AQ . n— 1} {Leon\ {1} - - - AL =1} {1 n ]\ {0}
By Propositions 3.2 and 6.2 we have
P[[Y]l, > (1 46)-4- 2227172 |y || ]

<47+ Mon'PE(|X ;) PE(IX - Y5V,
By Proposition 5.1 and the remark following we have

B(XI;") = VAB(R; L, ,) < 272/ 212,
Further, by Lemma 6.5 we have

E([X - Y[3) =n""E(X - Y) - (X - Y))

362(7’& _ 1)2+(n—1) S 62nl+n.
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Finally, freshman calculus yields the bound

Sup(2—1/261/'21,1—.7:/2)2/3('1_1-{—1‘)1/3/2z <1
r>2

The four inequalities above together imply the desired estimate. |

PROPOSITION 6.7: Fix positive integers k and ¢ such that
£ >4+ log, k.

Let Y be a random variable giving the excess of heads over tails in ¢ tosses of a
fair coin. Let B be a k by 2k matrix the entries of which are i.i.d. copies of Y.
Then we have

P(B is of full rank] > 1 — 2=+ > 3/4,

Proof: Let Y be a random variable equidistributed in the field Z/3Z of 3
elements. Let B be a k by 2k matrix with entries that are i.i.d. copies of Y.
Now if a & by 2k matrix b with entries in Z/3Z fails to be of full rank, then
there exists some nonzero row vector v of length k with entries in Z/3Z such that
vb = 0. Accordingly, we have

_ 3k -1 3(k—1)(2k)
P[B fails to be of full rank] < 5T 3

< 37%/2.

One finds that

¢
Py = 0 mod 3] =(1+2( - %) ) %
Iney 1
T = =Py =- )=(1—-(—= <=
P[Y =1 mod 3] [ 1 mod 3] (1 ( 2) ) 3
by a straightforward Markov chain calculation and hence

1—-¢

PY =imod3)<e? -P[Y =imod 3]
for ¢ = —1,0,1. Finally, we have
P[B fails to be of full rank|
562k2'21_£P[§ fails to be of full rank] < e*/437%/2 < 27%-1

since
eVt = 1.284025417... < 3/2. ®
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7. The main result

7.1. FORMULATION. Fix a positive integer k. Fix 8 > 0 and put

2/3
C:=(1+0)8eY 2712 My .= (2'/3 4 27%3). (Q—J’—a) :

0

The constant Mpy is the one figuring in Proposition 6.2 above. Consider now the
set L(k,C) of positive integers ¢ with the following properties:
o {>4+log,k.
o 2. (28) - 4=+ (1 4 930D M, (k 4 1)Y/3¢-1/6) < 3.
In view of the inequality

2k 1 2
2. .4“(k+1) < — < =,
(o) w9 s g <3

noted at the end of the proof of Proposition 3.3, it is clear that the set L(k,C)
is nonempty. Put
N(k,C) := min L(k,C).

It is easy to see that 2'8 € L(k,C) for k >> 0 and hence that

limsup N(k,C) < 218~

k—oo
i.e., N(k,C) < 28 for k large enough depending on C.

THEOREM 7.2: In the set of k by 2k matrices with integral entries of absolute
value not exceeding N(k,C)) there exists some matrix with row span a summand
in a (k,C)-splitting.

Proof: To simplify writing now put
t:=N(k,C).

Let Y be a random variable giving the excess of heads over tails in ¢ tosses of a
fair coin. By Proposition 4.3 the random variable Y is e-Gaussian with

€= ¢4,

Let B be a £ by 2k matrix the entries of which are i.i.d. copies of Y. For each
subset I C {1,...,2k} of cardinality k, put

By = B, k1
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{See §2.3 for the notation.) For each subset I C {1,...,2k} put
I":={1,....2k}\ I

For each subset [ = {i; < ... <igs1} C {1,...,2k} of cardinality k +1 we define
R**!_valued random variables

Y7 = (Brugi,})etl Y= (Bnip)via

and we denote by F; the (finite) o-field of events generated by the entries of the
matrix B in columns indexed by elements of the set I*. We have a conditional

bound A
PIYll, > 4- (1+8)2"/%e 2a=12 Y 1), |1 7]

S4—(’¢+1) + 2My(k + 1)1/3€—1/6
<4m D (14 PFHD A (k + 1)1 /3¢71/6)
almost surely by Propositions 4.2 and 6.4. We also have
P(|[Yylla > 4- (1+6)2" %" 2x =12 1Y ||4]
<qm B+ 2R HINL (| 4 1)1/3¢1/6
=4—(k+1)(1 + 23(k+1)M9(k + 1)1/35_1/6)

by Proposition 6.6. Let E C R?* be the row span of B. We have
P[dim F = k] = P[B is of full rank] > 3/4

by the first of the conditions for membership in the set L(k,C) and Proposi-
tion 6.7. Finally, we have

P([dim E = k] N [max(J&*, J&) < C)) > 0

by the explicit formulas of §2.6 for JZ and ]12,’1 the estimates immediately above,
and the second of the conditions for membership in the set L(k, C). |

7.3. ACKNOWLEDGEMENTS. [ thank John Baxter for several helpful conversa-
tions about Brownian motion. These conversations formed the basis of the proof
of Proposition 4.3.
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